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Abstract. The curvature Xt{w) of a contraction T in the Cowen-Douglas class -Bi(D) is 
bounded above by the curvature Xs* (w) of the backward shift operator. However, in gen- 
■ eral, an operator satisfying the curvature inequaUty need not be contractive. In this note, we 

' characterize a shghtly smaller class of contractions using a stronger form of the curvature in- 

equality. Along the way, we find conditions on the metric of the holomorphic Hermitian vector 
^ ■ bundle Et corresponding to the operator T in the Cowen-Douglas class -Bi(D) which ensures 

negative definiteness of the curvature function. We obtain a generalization for commuting tuples 
^\ ■ of operators in the class Bi{Q), for a bounded domain SI in C". 
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1. Introduction 



< 
tin 

d . Let !K be a complex separable Hilbert space and £(!K) denote the collection of bounded linear 

operators on CK. The following important class of operators was introduced in [3]. 



Definition 1.1. For a connected open subset $7 of C and a positive integer n, let 
>; Bn{n)= { T eL{:K)\nca{T), 

ran (T — w) = "K for id € f^, 



O : V ker(r -w) = Ji, 



dim ker(T — w) = n for w G }, 



■ where cr(T) denotes the spectrum of the operator T. 



We recall (cf. [3]) that an operator T in the class Bn{^) defines a holomorphic Hermitian 
vector bundle Et in a natural manner. It is the sub-bundle of the trivial bundle x J£ defined 
by 

5^ ! Et = {{w, x) G X J{ : X G ker(T - w)} 

with the natural projection map vr : Et f^, 'k{w,x) = w. It is shown in |3l Proposition 1.12] 
that the mapping w — > ker(r — w) defines a rank n holomorphic Hermitian vector bundle Et 
over VI for T G Bn{0,). In [3], it was also shown that the equivalence class of the holomorphic 
Hermitian vector bundle Et and the unitary equivalence class of the operator T determine each 
other. 

Theorem 1.2. The operators T and T in Bn{^) are unitarily equivalent if and only if the 
corresponding holomorphic Hermitian vector bundles Et and E^ are equivalent. 
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In general, it is not easy to decide if two holomorphic Hermitian vector bundles are equivalent 
except when the rank of the bundle is 1. In this case, the curvature 

%(w) = ^^^Qg II ^i^) 11^ 
dwdw ' 

of the line bundle E, defined with respect to a non-zero holomorphic section 7 of is a complete 
invariant. The definition of the curvature is independent of the choice of the section 7: If 70 
is another holomorphic section of E, then 70 = (j)^ for some non-zero holomorphic function 
4> defined on an open subset of 0, consequently the harmonicity of log completes the 
verification. 

Let T € Fix w ^ and let 7 be a holomorphic section of the line bundle Ex- From 

[3l Lemma 1.22], it follows that the vectors ^{w) and d^{w) from a basis of ker(r — w)"^ . Let 
Nt{w) = T 

lker{T-u;)2 and {71 (w) , 72 (it^) } be the basis obtained by applying Gram-Schmidt ortho- 
normalization to the vectors ^{w) and dj{w). The linear transformation Nt{w) has the matrix 
representation 

w 



Nriw) 



1 



where hxiw) = ( — %t{'w)) ^, with respect to the orthonormal basis {71(11;), 72 

The curvature JCTiw) of an operator T in Bi(^l) is negative. To see this, recall that the 
curvature may also be expressed (cf.jSj page - 195]) in the form 

(1-1 %t{w) = • 

Applying Cauchy - Schwarz inequality, we see that the numerator is positive. 

Let {eo, ei} be an orthonormal set of vectors. Suppose iV is a nilpotent linear transformation 
defined by the rule 

ei — >■ a Co, Co 0, a £ C. 
Then \a\ determines the unitary equivalence class of N. 

The localization Nt{w) — WI2 = (q'^^q'"^) of operator T in Bi{Q) is nilpotent. Now, 

hxiw) > since we have shown that the curvature JCTiw) is negative. Hence the curvature 
%t{w) is an invariant for the operator T. The non-trivial converse of this statement follows from 
Theorem 1 1.2 1 Thus the operators T and T in Bi[Q) are unitarily equivalent if and only if Nt{w) 
is unitarily equivalent to N~{w) for w in 

Note that if T € -Bi(]D>) is a contraction, that is, ||r|| < 1, then Nt{w) is a contraction for each 
w £3. Observe that (q ^) is a contraction if and only if \a\ < 1 and |cp < (1 — |ap)(l — |&P)- 
Thus ||iV5"(u;)|| < 1 if and only if %t{w) < —jj^z^^TjJ, w £ B). The adjoint S* of the unilateral 

shift operator 5 is in i3i(B). It is easy to see that 75-. (w) = {l,w, . . . , w^, . . .) G l"^, w £ D, is 
a holomorphic section for the corresponding holomorphic Hermitian line bundle Es* ■ The norm 
||75*(r(;)|P of the section 75. is (1 — |wp)~-^ and hence the curvature 'Xs*{'w) of the operator S* 
is given by the formula —-fjz^^rj^, w £B>. We have therefore proved: 

Proposition 1.3. If T is a contractive operator in Bi{D), then the curvature of T is bounded 
above by the curvature of the backward shift operator S* . 

We think of the operator 5* as an extremal operator within the class of contractions in 
-Bi(B). This is a special case of the curvature inequality proved in [5]. The curvature inequality 
is equivalent to contractivity of the operators Nt{w), w £ Q, while the contractivity of the 
operator T is global in nature. So, it is natural to expect that the validity of the inequality 
%t{w) < — f^i_ \ ^^-2y2 ; w £ 3, need not force T to be a contraction. Indeed, J. Agler had 
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communicated the existence of an operator T, ||T|| > 1, in Bi{0) with %t{w) < JCs'iw) (cf. [HI 
Note added in proof]) to G. Misra. Unfortunately, there is a printing error in [SJ Note added in 
proof], which should be corrected by reversing the inequality sign. No explicit example has been 
written down of this phenomenon. We provide such an example here. 

The main point of this note is to investigate additional conditions on the curvature, apart from 
the inequality we have discussed above, which will ensure contractivity. We give an alternative 
proof the curvature inequality. A stronger inequality becomes apparent from this proof. It is 
this stronger inequality which, as we will show below, admits a converse. 

An operator T in the class Bi{Q), as is well-known (cf. [31 PP- 194 ]), is unitarily equivalent 
to the adjoint M* of the multiplication operator M by the co-ordinate function on some Hilbert 
space !Kk of holomorphic functions on 17* := S C : z G ri} possessing a reproducing kernel 
K. 

The kernel K is a, complex valued function defined on Q* x Q* which is holomorphic in the first 
variable and anti-holomorphic in the second. In consequence, the map id — )■ K(-,w), w E 0*, is 
holomorphic on $7. We have K{z, w) = K{w, z) making it Hermitian. It is positive definite in 
the sense that the n x n matrix 

is positive definite for every subset {wi, . . . , of $7*, ?i G N. Finally, the kernel K reproduces 
the value of functions in 'Kk, that is, for any fixed w S 17*, the holomorphic function K{-,w) 
belongs to !Kk and 

f{w) = {f,K{;w)), feJiK, wen*. 

The correspondence between the operator T in -Bi(f7) and the operator M* on the Hilbert 
space !Kk is easy to describe (cf. [21 pp- 194 ]). Let 7 be a non-zero holomorphic section (for 
bounded domain in C, by Grauert's Theorem, a global section exists) for the operator T acting on 
the Hilbert space !K. Consider the map T : J{ — )> 0(f7*), where 0(17*) is the space of holomorphic 
functions on 17*, defined by T{x){z) = {x,j{z)), z € 17*. Transplant the inner product from 
on the range of F. The map F is now unitary from onto the completion of ranF. Define K 
to be the function K{z,w) = F(7(w))(z) = {'y{w),'y{z)), z,w £ 17*. Set -fC^(-) := K{-,w). Thus 
is the function F(7(w)). It is then easily verified that K has the reproducing property, that 

is, 

{r{x){z),K{z,w)Ur.r = (((x,7(z))),((7(t/;),7(z)))ranr 

= (rx,F(7(u;)))ranr = (a;,7(u;))jf 
= T{x){w), X G J{, G 17*. 

It follows that ||i^^(-)|p = K^Wjw), w G 17*. Also, Kw{-) is an eigenvector for the operator 
FTF* with eigenvalue in 17: 

FrF*(i^^(.)) = FTF*(F(7(u;))) 
= TT^{w) 
= Tw'y^'w) 
= w K^{-), w G 17*. 

Since the linear span of the vectors {K^ : w G 17*} is dense in "Kk, it follows that FTF* is 
the adjoint M* of the multiplication operator M on "Kk- We therefore assume, without loss of 
generality, that an operator T in i?i(17) has been realized as the adjoint M* of the multiplication 
operator M on some Hilbert space !Kk of holomorphic functions on 17* possessing a reproducing 
kernel K. 
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Remark 1.4. The contractivity of the adjoint M* of the multiphcation operator M on some 
reproducing kernel Hilbert space "Kk is equivalent to the requirement that K^{z,w) := (1 — 
zw)K{z,w) is positive definite on D (cf. [H Corollary 2.37] and [71 Lemma 1]). Suppose that 
the operator M* is in i3i(D). Here is a second proof of the curvature inequality: 
We have 

-logK{w,w) = log — ^ + logK^{w,w), w eB, 



dwdw ' dwdw (1 — l^p) dwdw 

which we rewrite as 

%M*{w)=%s*{w) - ——\ogK\w,w),w (^n. 
owow 

Recalling that log K^{w, w) must be positive (see as long as is positive definite, 

we conclude that 

^M-iw) < %s*{w), w en. 

The fibre at w of the holomorphic bundle Em* for M* in Bi{Q) is the one-dimensional kernel 
at w of the operator M* spanned by Kw{-), w G il*. In general, there is no obvious way to 
define an inner product between the two vectors Ku,{-) and {-^Kyo){-)- However since these 
vectors belong to the same Hilbert space (cf. [SJ Lemma 4.3]), in our special case, there is a 
natural inner product defined between them. This ensures, via the Cauchy-Schwarz inequality, 
the negativity of the curvature OCt- The reproducing kernel function K of the Hilbert space 
"Kk encodes the mutual inner products of the vectors {i^^(-) : w G Cl*}. The Cauchy-Schwarz 
inequality, in turn, is just the positivity of the Gramian of the two vectors i^«,(-) and {-^Kw){-), 
w E ft*. The positive definiteness of -fC is a much stronger positivity requirement involving all 
the derivatives of the holomorphic section Ky^{-) defined on Q*. We exploit this to show that the 
curvature function { q^q^ log K){z,w) is actually negative definite not just negative, whenever 
i^T* is assumed to be positive definite for alH > 0. 

We now construct an example of an operator which is not contractive but its curvature is 
dominated by the curvature of the backward shift. Expanding the function K{z, w) = 

2 -2 

in zw, we see that it has the form 8 + IGzw + 15 j^^'^^ . Therefore, it defines a positive definite 
kernel on the unit disk B. The monomials -jr^ with llllP = i, llzlp = i and Hz'^lP = tk for 

\\z"\\ II II 8' II II 16 II II 15 

n > 2 forms an orthonormal basis in the corresponding Hilbert space "Kk- The multiplication 
operator M maps -^^^ to ^pny^^ iff+Hl " -^^^^^ corresponds to a weighted shift operator W with 
the weight sequence \J^i 1; li • • •}• Evidently, it is not a contraction. (This is the same as 

saying that the function K^{z, u;) = 8 + '^zw — z^nP' is not positive definite.) The operator W is 
similar to the forward shift S. Since the class -Bi(B) is invariant under similarity and S e Bi( 
it follows that W is in it as well. However, 

-—logK\w,w)=- ' , ,' J, , weB, 



dwdw ' (8 + 8|w;p — |t/;|4)2 ■ 

dwdw 



is negative for \w\ < 1. Hence we have shown that %m*{w) = — q^q^ log K{w,w) < %s*{w) 
w eO, although M* is not a contraction. 

This is not an isolated example, it is easy to modify this example to produce a family of 
examples parameterized by a real parameter. 

In the following section, we discuss the case of a commuting tuple T = (Ti, . . . , Tm) of operators 
in Bi{Q), Q C C"^, m > 1. Even in this case, as before, it is possible to associate a holomorphic 
Hermitian bundle Et to the operator tuple T such that the equivalence class of the commuting 
m-tuple T determines the equivalence class of the bundle Et and conversely. We show that the 
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co-efficient matrix Kj-iw) of the curvature (1, 1) form %t of the holomorphic Hermitian vector 
bundle Et is negative definite for each w Q. The negativity of the curvature provides an 
alternative proof of the curvature inequality given in [7] . 

In the third section, we show that the curvature is negative definite, that is, ((KT{wi,Wj))) 
is negative-definite for all finite subsets {wi, . . . , Wn} of O if we impose the additional condition 
of "infinite divisibility" on the reproducing kernel K. The infinite divisibility of the kernel K 
requires to be positive-definite for all t > 0. 

In the final section, we give several applications of the positive definiteness of the curvature 
function to contractivity of operators in the Cowen-Douglas class. 

2. Negativity of the curvature in general 

Let Qhea bounded domain in C"*. Let T = (Ti, . . . , T^) be a m-tuple of commuting operators 
on a separable complex Hilbert space "K. For x G IK, let Dt : IK —)■ IK © ... © IK be the operator 
defined by Dx{x) = {Tix, . . . , Tmx). For w = {wi, . . . , Wm) € let T — denote the operator 
tuple (Ti — it^i, • • • ) 7m — ^m)' The joint kernel of X" — w is f^^J^^ ker(T^' — "^j^i which is also 
the kernel of the operator Dt-w Following [5], we say that the commuting tuple T belongs to 
the Cowen-Douglas class 5^(0) if TanDx-w is closed, dim ker Dx-w = n ^or all w in 0, and 
the span of {ker Dx-w ■ w £ ^1} is dense in IK. The class of the corresponding holomorphic 
Hermitian vector bundle 

Ex = {{w, x) G X IK : x G ker Dx^w} 

determines the class of the operator tuple T. As before, if n = 1, then the curvature of Ex (cf. 
[U [5] ) determines the unitary equivalence class of T. If 7 is a non-zero holomorphic section of the 
holomorphic Hermitian line bundle Ex defined on some open subset ^ then the curvature 
of the line bundle Ex is the (1,1) form 

%t{w) = -t ^-^^Malldw. A dw„ w G no, 

defined on Oq- Let 

denotes the curvature matrix. In general, for a holomorphic Hermitian vector bundle, there are 
two well-known notions of positivity due to Nakano and Griffiths (cf. [6l page - 338]). These 
two notions coincide in the case of a line bundle, and one talks of positive line bundle in an 
unambiguous manner. The following Proposition shows that the line bundle corresponding to a 
commuting tuple of operators in Bi{Q) is negative. 

Proposition 2.1. For an operator T in Bi(r2*), the matrix \^x{w) is negative definite for each 

w G n*. 

First Proof. Fix wq G As before (cf. [5]), it follows that T can be realized as M* = 
{Mi,...,M^) where Mj is the multiplication operator by the co-ordinate function Zi on the 
Hilbert space IK^- of holomorphic functions on C f], i^q g Oq, possessing a reproducing kernel 
K with K{w, w) ^ for w G il,o- The function 

Ko{z,w) = K{wo,wo)^^{z)~'^K{z,w)ip{w)-^K{wo,wo)^ 

is defined on some open neighborhood [/ x [/ of {wq,wo), where U is the open set on which 
K{z,wo) is non-zero and ^{z) = K{z,wq) is holomorphic on U. The kernel Kq is said to be 
normalized at ti'o([S])- The operator of multiplication by the holomorphic function ip~^ then 
defines a unitary operator from the Hilbert space Jix determined by the kernel function K to 
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the Hilbert space 'Kxq determined by the normahzed kernel function Kq. This unitary operator 
intertwines the two multipHcation operators on Jix and Jixg respectively. Thus %m*{wo) is 
equal to the curvature %j^(o)*{'Wo) [H Lemma 3.9], where M^^^ is the m-tuple of multiplication 
operator by the co-ordinate function Zi on the Hilbert space "Kkq- Let 

Ko{z, w) =J2 O'uiz - woY{w - woY, z,w eU, I,J e Z"^, 
i,J 

be the power series expansion of Kq around the point {wo,wo). Since Kq{z,wo) = 1, we have 
that ooo = 1 and a/o = for all / with |/| > 0. Similarly, Kq{wq,z) = Kq{z,wq) shows that 
aoj = for all J with \J\ > 0. Also note that if 

Koiz, w)-^ = J2 blj{z - WoYiw - WoY, z,w£U, I,J £ Z™, 
i,J 

then 6oo = 1 and 6/o = = boj for all I, J with |/|, \ J\ > 0. Since 'y{w) = Kq{-,w),w £ U* := 
z G [/} is a secl 

9^ log II ^{w) IP 



{z : z € U} is a, section of the holomorphic Hermitian line bundle E~* over U*, we have 



dwidwj 



d d 
— {Ko{w,w)~^t: — Ko{w,w))\ 



dwj dwi 
d 



{(1+ bjj{w -woY{w -woy){ «ij+ei(-^»+i)(w^-«^o)^(w-^«o)'^)}| 



^ |I|,|J|>1 |/|>1,|J|>0 

where Si is the standard unit vector in C™ with 1 at the i-th co-ordinate and elsewhere. On 
the other hand, we have 

Thus for any complex constants ai , . . . , > 

-Va^g /'^? "J^"^ "' l =-||f:a.^i^o(-,-)in < 0. 
This completes the proof. 

Second Proof. We show that —Kx{w) is the Gramian of a set of n vectors which is explicitly 
exhibited below. These vectors are 

d d 

OWi OWi 

in "Kk ^K- Then 

d d d d 

{ei{w), ejiw)) = {K^ (g) tt—Kw - K^,, (g) ——K^ - -r—K^ ® K^) 

OWi OWi OWj OWj 

= 2{K{w,w)^^^^-^K{w,w)j^K{w,w)). 

OWiOWj OWi OWj 

Thus 



52 log II 7H f , K{w,w)"-£Br - ^K{w,w)^K{w, 



dwidwj '"'="'0 K{w,wY '^=^0 

_ {ei{wQ),ej{wo)) 
2K{wq,wqY 
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This completes the proof. □ 

A commuting tuple of operators T = (Ti , . . . , Tm) is said to be a row contraction if J2iLi TiT* < 
/. The following characterization of row contractions is well known (cf. [71 Corollary 2]). 

Lemma 2.2. Let M"^ be the unit ball in C™ and M = (Mi, . . . , Mm) be m-tuples of multiplication 
operator on reproducing kernel Hilbert space with reproducing kernel K. Then M is a row 
contraction if and only if {1 — {z,w))K{z,w) is positive definite. 

Let Rm be the adjoint of the joint weighted shift operator on the Drury-Arveson space H^- 
This is the commuting tuple (Mj*, . . . , M^) on which is determined by the reproducing kernel 
i-(z,w) ' ^ ~ (•^i' • • • '-^m)' '"^ ~ (^1' • • • ^'^m) £ IB'". As in Remark ll.4t using Proposition 12.11 and 
Lemma 12. 2^ we obtain a version of curvature inequality for the multi-variate case. It appeared 
earlier in [7] with a different proof. 

Corollary 2.3. If T = (Ti, . . . ,Tm) is a row contraction in Bi{W^), then \iR*^{w) — Y^t{w) is 
positive for each w in the unit ball B™. 



3. Infinite divisibility and curvature inequality 

Starting with a positive definite kernel K on a bounded domain 0, in C"', it is possible to 
construct several new positive definite kernel functions. For instance, if K is positive definite 
then the kernel K^, n G N, is also positive definite. Indeed, a positive definite kernel K is said to 
be infinitely divisible if for all t > 0, the kernel is also positive definite. While the Bergman 
kernel for the Euclidean ball is easily seen to be infinitely divisible, it is not infinitely divisible 
for the unit ball (with respect to the operator norm) of the n x n matrices. We give the details 
for n = 2 in the final Section of this note. The following Lemma shows that if K is positive 
definite then the matrix valued kernel K{z, w) ))™^;^ is positive definite as well. 

Lemma 3.1. For any bounded domain Q in C™, if K defines a positive definite kernel on Q, 
then —K{z,w) = {{^ qJ^q^ K{z, w) ))^_^ is a positive definite kernel on 

Proof. Let = (■^j(l), • • • ,S,i{m)), 1 < i < m, be vectors in C™ and ui, be an arbitrary 

set of n points in i}. Since diK^ belongs to "Kk, as shown in [5], it follows that 

n n m 

i,j hj k,l 



\ dwi "-J • auife 
i,j k,l 
n m 



i k 

> 

This completes the proof. □ 

Remark 3.2. Even in the case of one variable, the proof of the Lemma given is interesting. In 
fact, this motivates the proof of the main theorem (Theorem 13. 6p in one direction. In particular. 



w 



it says that if X is a positive definite kernel on a bounded domain $7 C C, then { g^g^ K) {z, 
is also a positive definite kernel on Q. Without loss of generality, assume that is in O and 
let K(z, w) = J2m,n O'mnz'^w'^ be the power series expansion of K around 0. It is shown in 
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Lemma 4.1 and 4.3] that the positivity of the kernel K is equivalent to the positivity of the 
matrix of Taylor co-efficients of X at 0, namely, 



i?„(0;JO : = 



/ OOO OOl ^02 • • • aon\ 
aio ail ^12 • • • oi, 



for each n G Z+. The function -^^K{z,w) admits the expansion 



^ (m + l)(n + l)a(^+i)(„+i)z'"«j". 



m,n=0 



Therefore, for n G N, 



Clearly, for n G N, we have 



52 



02; dw 



K) 



Oi 



/ an 2ai2 
2a2i 4a22 

Vna„i 2na„2 



nain \ 
2na2n 



H„-i(0; 



D{Hn{0;K))D, 



where D : C 



71+1 



7''''^ is the linear map which is diagonal and is determined by the sequence 



{0, 1, . . . , fc, . . . , n}. It therefore follows that -ffn(0; a^a- K) is positive definite for all n G 



Consequently, 



' 9z dw 



K is a positive definite kernel. 



The following Lemma encodes a way to extract scalar valued positive definite kernel from the 
matrix valued one. 

Lemma 3.3. If K is anxn matrix valued positive definite kernel on a bounded domain $7 C C", 
then for every G C", {K{z,w)(^,0cn is also a positive definite kernel on Q. 



Proof Let K(^{z,w) = {K{z,w)C,C)c" 
scalar s in C. From [5], it follows that 



Let til, . . . ,ui he I points in J7 and Oi, 1 < i < I, be 



^aiK(;{ui,Uj)aj 



aiaj{K{-, Uj)C, K{-,Ui)C) 



2 



This completes the proof. 



> 



□ 



Definition 3.4. Let G be a real analytic function of w for w in some open connected subset VL 
of C". Polarizing G, we obtain a (unique) new function G defined on $7 x which is holomorphic 
in the first variable and anti-holomorphic in the second and restricts to G on the diagonal set 
{{w,w) : w G 0}, that is, G{w,w) = G{w,w), u) £ ^l. If the function G is also positive definite, 
that is, the n x n matrix Wj))) is positive definite for all finite subsets {wi, . . . , Wn} of O, 

then we say that G is a positive definite function on i}. 
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The curvature 3C of a Hue bundle is a real analytic function. We have shown that —K{w), 
w £ C C™, is positive definite. However, the following example shows that —K(w) need 
not be a positive definite function, that is, —K{'w) need not be positive definite! We adopt the 
convention that the positive definiteness of the real analytic function —K{w) is the same as the 
positive definiteness of the Hermitian function —K(w). 

Example 3.5. Let K{z, w) = 1 + J2iZi liZ^w"^ be a positive definite kernel on the unit disc D. 
The kernel K then admits a power series expansion some small neighborhood of 0. Consequently, 
we have 

oo 



\ogK{z,w) = log(l + ajZ^w 

i=l 

^ 2 3 

1=1 

2 3 

= aizw + (a2 - ^)z'^w'^ + (03 - 0102 + ^)z^w^ + . . . 

It follows that 

idim^°sK){z,w) = ai + A{a2 - ^)zw + 9{a3 - aia2 + ^)z'^w'^ + . . . 

a?- 

Thus if we choose < Oj, i G N, such that 02 < then from jH Lemma 4.1 and 4.3], it follows 
that Q^Q^ log K is not positive definite. 

T l\ +110 Tnn/^'|-ii^n 1 _1_ ^ity _l_ 

4- 



However we note, for instance, that if K is the function 1 + zu) + Xz^n? + X^i^s z^w^ ^ then 



K^{z, w) = \^tzw^ -^—^ — -z^w^ H 

is not positive definite for t <\. 

It is therefore natural to ask if assuming that K is infinitely divisible is both necessary and 
sufficient for positive definiteness of the curvature function — K. The following Theorem provides 
an affirmative answer. 

Theorem 3.6. Let Q be a domain in and K be a positive real analytic function on x 
If K is infinitely divisible then there exist a domain Qq Q Q such that the curvature 
matrix {{ gj^^g^. logi^))^_-^ is positive definite function on Jlo. Conversely, if the function 

ii diu^dw ^'^^■^))Tj—i ^ positive definite on J7, then there exist a neighborhood Q ^ of wq 
and a infinitely divisible kernel K on Oq x Oq such that K{w,w) = K{w,w), for all w S JIq- 

Proof. For each t > 0, assume that is positive definite on 0. This is the same as the positive 
definiteness of exptlogi^T, t > 0. Clearly t~^(expilogi^ — 1) is conditionally positive definite 
(An Hermitian kernel L is said to be conditionally positive definite if for every n E N and for 
every choice n points wi, • • • , Wn and complex scalars oi, • • • , ctn with ^27=1 — 0' t'^^ inequality 
Y^^j=\CiiGijL{wi^Wj) > holds). By letting t tend to 0, it follows that logi^ is conditionally 
positive definite. Hence at an arbitrary point in 0, in particular at wq, the kernel 

Lw^{z,w) = log K{z,w) -logK{z,wo) -logK{wo,w) +\ogK{wo,WQ) 
is positive definite. This is essentially the Lemma 1.7 in [S]. From Lemma [3.11 it follows that the 
matrix {{ g^f g^jj . Lwo)) is positive definite on $7. Note that there exist a neighborhood ^ ^ of 
Wq such that logK{z,wo) is holomorphic on Qq. Hence from the equation above, the curvature 
matrix {{ gj^g^. log-^)) is positive definite on Oq. This proves the Theorem in the forward 
direction. 
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For the other direction, without loss of generality, assume that wq = 0. Let K(z,w) be the 
function obtained by polarizing the real analytic m x m matrix valued function 

((ai-log^(^>^)))5=i 

defined on some bounded domain in C". Suppose that logK has the power series expansion 
J2 o-uz^w"^ , where the sum is over all multi-indices /, J of length m and = ■ ■ ■ z^, w"^ = 
■ ■ ■ . Then 

K{z,w) =Y.aij{{Ajj{k,l)z'-'^w'-'^)), 
i,J 

where Ajj{k,i) = («fci£))^^_^ and the sum is again over all multi- indices /, J of size m. Clearly, 
Ajj can be written as the product D{I) Em D{J), where D{I) and D{J) be the mx m diagonal 
matrices with . . . , im) and (ji, . . . ,jm) on their diagonal respectively, and Em is the m x m 
matrix all of whose entries are 1. 

Let D{z) be the holomorphic function on Q taking values in the m x m diagonal matrices 
which has Zi in the (i, i) position for z := (zi, 2:2, ... , Zm) £ If the function K is assumed to 
be positive definite then 

K(z, w) := D{z) K(z, w) D{w) = ^ aijD{I) Em D{J)z^w^ 

i,J 

is positive definite on f^o- 

Let A(/) = {k : 1 < k < m and ik ^ 0}- Consider the m x m matrix E{I, J) defined below: 

'1 if i G A(/) and j G A(J), 
otherwise. 



E{I, J),, 



Note that if A(/) = A(J) = {1, . . . ,m}, then E{I, J) = Em- Consider the function on Qq x Qq, 
defined by 

k{z,w)= aij^^z^w-^, 

I,J^O 

where c{I) denotes the cardinality of the set A(/). We will prove that K is a positive definite 
kernel on Qq. To facilitate the proof, we need to fix some notations. 

Let 6 he a multi-index of size m. Also let p{5) = YVJLii^j + 1) which is the number of multi- 
indices I < 6, that is, ii < 5i, 1 < I < m. As par the notation in [5], given a function L on 
a domain U x U which is holomorphic in the first variable and antiholomorphic in the second, 
let Hs{wo;L) he the p{6) x p(6) matrix whose (/, J)-entry is ^ ^ l{wo,wq) ^ q < j < Yot 
convenience, one uses the colexicographic order to write down the matrix, that is, / <c </ if and 
only if {im < jm) or {im = jm and im-i < jm-i) or • • • or (i^ = jm and ...i2= 32 and h < ji) 
or / = J. 

Let D{I)^ he the diagonal matrix with the diagonal entry D{I)^^f^ equal to i- or according 
as ii is non-zero or zero. Using this notation, we have 

D{I)^D{I) Em D{J)D{jf = E{I, J). 

Let A^ be the block diagonal matrix, written in the colexicographic ordering, of the form 



iAs)ij 




if / = J(/ 0) 
otherwise. 



Therefore, in this setup, for any multi-index 5, we have 

Hs{0;K) = AsHsiO; K)^|. 
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Clearly Hg(0; K) is positive definite since Hs{0; K) is so by [SJ Lemma 4.1]. Thus from [SJ Lemma 

4.3], it follows that K is a positive definite kernel. 
Let Kq be the scalar function on x defined by 

Koiz,w) := ^aijz^w-^, 

where the sum is over all pairs (I, J) excluding those of the form (/, 0) and (0, J). From Lemma 

13.31 it follows that the function Kq is positive definite since it is of the form {K{z,w)l,l), 
1 = (1, . . . , 1). It is evident that 

that is, 

dwfdn, (^og ^ ~ Ko{w,w)) = 0, 1 < i,j <m, we Qo- 

Therefore, log K — Kq is a real pluriharmonic function on and hence there exist a holomor- 
phic function (p such that 



log K{w,w) - Ko{w,w) = (K0)H := + 



2 

(Alternatively, since logK is real analytic, it follows that 

ET - I - J - T 

aijw w = cLijw w 

i,J I, J 

Equating coefficients, we get ajj = ajj for all multi-indices /, J. In particular, we have 
ci-io = clqi for all multi-indices /. The power series 

(aoo/2) + ^aioz^ 
I 



defines a holomorphic function ■0 on such that \ogK{w,w) — Kq{w,w) = ip(w) + ip{w).) 
Thus 



K{w, w) = exp(^^) exp{KQ{w, w)) exp(^^), w e Qq. 
Let K : 0,Q X ^ C he the function defined by the rule 



K{z, w) = exp(^^y^) ex.p{Ko{z, w)) exp(^y^). 

For t > 0, we then have 



K^{z, w) = exp(t^^) exp{tKQ{z, w)) exp(t^^), z,w e r^o- 

By construction K{w,w) = K{w,w), w E Qq. Since Kq is a positive definite kernel as shown 
above, it follows from [21 Lemma 1.6] that exp(tKQ) is a positive definite kernel for all t > and 
therefore is a positive definite on 0,q for all t > completing the proof of the converse. □ 



4. Applications 

Let M* be the adjoint of the commuting tuple of multiplication operators acting on the Hilbert 
space ^ 0(17). Fix a positive definite kernel ^on i}. Let us say that M is infinitely divisible 
with respect to ^ if ^{z,w)~^K(z,w) is infinitely divisible in some open subset of O. As an 
immediate application of Theorem 13. 6[ we obtain : 
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Theorem 4.1. Assume that the adjoint M* of the multiplication operator M on the reproducing 
kernel Hilbert space 'Kk belongs to Bi{i}). The function ( qJ'^q^. log {^{w,w)~'^K{w,wy)^ is 
positive definite, if and only if the multiplication operator M is infinitely divisible with respect 
to a. 

If X is a positive definite kernel on D such that (1 — zw)K{z, w) is infinitely divisible then we 
say that M* on "Kk is a infinitely divisible contraction. 

Here is an example showing that a contraction need not be infinitely divisible. Take 

oo 

K{z,w) = {l-zw)~^{l + zw + \z^w'^ + Y,z''w'^) 



n=3 



l + 2zw + ^{n+\ 



4 

n=2 



]z^w'^. 



Clearly K defines the positive definite kernel on D. Since {1 — zw)K{z, w) is also positive definite, 
it follows that the adjoint of multiplication operator M* on "Kk is contractive. But 

((1 - ZW)K{Z, W))^ = l + tZW+ ^(^^^~ ^^ ^2^2 _^ . . . 

is not positive definite for t < ^ as was pointed out earlier. Hence M* is not infinitely divisible 
contraction on 'Kk- 

The following Corollary is a characterization of infinitely divisible contractions in the Cowen- 
Douglas class i?i(B) completing the study begun in [8]. Here, for two real analytic functions Gi 
and G2 on a domain $7 C C™", Gi{w) ^ G2{w), w il., means G2 — Gi is a positive definite 
function on 0,. 

Corollary 4.2. Let K be a positive definite kernel on the open unit disc D. Assume that the 
adjoint M* of the multiplication operator M on the reproducing kernel Hilbert space "Kk belongs 
to Blip). The function q^q^ log ((1 — \w\'^)K{w,w)) is positive definite, or equivalently 

%t{w) r< 'Xs*i'w), wen, 

if and only if the multiplication operator M is an infinitely divisible contraction. 

Proof. Recall Theorem 13. 6^ which says that the positive definiteness of 

^log((i-M^W.",»)) 

is equivalent to infinite divisibility of the kernel (1 — zw)K{z,w), that is, ((1 — zw)K{z,w)Y is 
positive definite for all t >0. □ 

We say that a commuting tuple of multiplication operators M is an infinitely divisible row 
contraction if (1 — {z,w))K{z,w) is infinitely divisible, that is, ((1 — {z,w))K{z,w))^ is positive 
definite for all t > 0. 

Recall that is the adjoint of the joint weighted shift operator on the Drury-Arveson space 
H^. The following theorem is a characterization of infinitely divisible row contractions. 

Corollary 4.3. Let K be a positive definite kernel on the Euclidean ball B"^. Assume that the 
adjoint M* of the multiplication operator M on the reproducing kernel Hilbert space "Kk belongs 
to Bi{W^). The function (( g^,^g^j. log ((1 — (w, w))K{w, w)) ))™^]^, w G B*", is positive definite, 
or equivalently 

Km*{w) r< ^wjw), u;€B™, 
if and only if the multiplication operator M is an infinitely divisible row contraction. 
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We give one last example, namely that of the polydisc D'". In this case, we say a commuting 
tuple M of multiplication by the co-ordinate functions acting on the Hilbert space "Kk is infinitely 
divisible if [S{z,w)K{z,w)) , where S{z,w) := ni^i(l — ZiWi)~^, z,w G B™, is positive definite 
for all t > 0. Every commuting tuple of contractions M* need not be infinitely divisible. Let 
Sm be the commuting m - tuple of the joint weighted shift defined on the Hardy space ^^^(0™). 

Corollary 4.4. Let K be a positive definite kernel on the polydisc D™. Assume that the adjoint 
M* of the multiplication operator M on the reproducing kernel Hilbert space "Kk belongs to 
BiiW^). The function ^ qJ^.q^. log {S{z,w)K{w,w)) w € B*", is positive definite, or 

equivalently 

if and only if the multiplication operator M is an infinitely divisible m-tuple of contractions. 

For a second application of these ideas, assume that is a positive definite kernel on B™ with 
the property: 

Ki{z,w) = (1 — Zi'Wi)"^K{z,w), 1 < i < m, 
is infinitely divisible. Then 

m m 

K^{z,w) = {X{{l-ZiW,))-'"'X{Ki{z,w). 

i=l 1=1 

It now follows that 

m ^ 

Kiz,w) = S{z,w){l[K,{z,w))^ . 

1=1 

Let M be the commuting tuple of multiplication operators on the Hilbert space 'Kk, which is 
contractive since K admits the Szego kernel as a factor. Clearly, the infinite divisibility of 

Ki, 1 < i < m, implies that [YViLi Ki{z,w)) is positive definite. As pointed out in [7], in 
consequence, for any polynomial p in m - variables, 

p{Mi,...,Mm)=Psp{Sm)\S, 

where S is the invariant subspace of functions vanishing on the diagonal of the Hilbert space 
H^^JiK Q 0(B'" X B™) and Pg is the projection onto the subspace S. 

A basic question raised in the paper of Cowen and Douglas [3l Section 4] is the determination 
of non-degenerate holomorphic curves in the Grassmannian. Clearly, a necessary condition for 
this is the positive definiteness of the curvature function. Thus we have the following corollary 
to Theorem 13.61 

Corollary 4.5. Let E be a holomorphic Hermitian vector bundle of rank 1 over a bounded 
domain U C C™ . // the curvature K of E is negative definite, then there exists a Hilbert space 
5{ and a holomorphic map 7 : fig ^ open in such that E is isomorphic to E^, where 

Ery is the pullback, by the holomorphic map ■y : Qq ^ of the tautological bundle defined 

over 9^(1, IK). Moreover, the real analytic function (7(2), 7(71;)) defined on Qq x Qq is infinitely 
divisible. 

We finish with an amusing application of the Lemma 1.7 in [9] which is a key ingredient in the 
proof of Theorem 13.61 Let K be the function on the unit ball B2X2 (with respect to the operator 
norm) of 2 x 2 matrices, given by the formula K{Z, W) := det(/ - ZW*)~^, Z,W e B2x2- 

The kernel K is normalized at by definition. For 6 = (1,0,0,3), the matrix 

a°a/^iogi^(o,o) 
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is diagonal with ^ * ^ 3131^ — = — 1 < (in fact for \5\ < 3, the corresponding matrix is 
diagonal with non-negative entries). Here, (5 > // if and only if 5i > //j for all i € {1, . . . ,m} 
and the matrix is written with respect to the colexicographic ordering. From O Lemma 4.1 and 
4.3], it follows that \ogK is not positive definite. Hence Theorem 13.61 shows that the function 
det(I — ZW*)~*' cannot be positive definite for all t > 0. Of course, a lot more is known. Indeed, 
the set 

{0 < t : K{Z, WY is positive definite} 
is explicitly determined in [21 Corollary 4.6]. 
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